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The QUICKEST (Quadratic Upstream Interpolation for Convective Kinematics with Estimated Streaming 
Terms) Scheme is a third order accurate explicit finite difference scheme developed by Leonard (1979) 
to solve the advection-diffusion equation. The scheme is upwinded hence is only valid in the form 
presented here if 𝑢𝑢 > 0. 

QUICKEST uses the first four terms in the Taylor expansion of c in the forward time direction: 

𝑐𝑐𝑖𝑖,𝑗𝑗+1 = 𝑐𝑐𝑖𝑖,𝑗𝑗 + ∆𝑡𝑡
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
∆𝑡𝑡2

2
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑡𝑡2

+
∆𝑡𝑡3

6
𝜕𝜕3𝑐𝑐
𝜕𝜕𝑡𝑡3

+ O(∆𝑡𝑡4) (1) 

and uses five calculation points on the finite difference grid as illustrated in Figure 1. 

 
Figure 1. Calculation points used in the QUICKEST scheme 

QUICKEST Scheme for Advection 
Consider first the case of advection only, given by the equation: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 

where 𝑐𝑐 =  𝑐𝑐(𝑥𝑥, 𝑡𝑡) is the concentration of a dissolved substance (mg/m3) and 𝑢𝑢 is the flow celerity 
(m/s) and 𝑢𝑢 > 0. 

First we note that the advection equation yields the following results: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

⇒
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑡𝑡2

= 𝑢𝑢2
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2

 and 𝜕𝜕3𝑐𝑐
𝜕𝜕𝑡𝑡3

= −𝑢𝑢3
𝜕𝜕3𝑐𝑐
𝜕𝜕𝑥𝑥3

 

Substituting into equation (1) we have: 

𝑐𝑐𝑖𝑖,𝑗𝑗+1 = 𝑐𝑐𝑖𝑖,𝑗𝑗 − 𝑢𝑢∆𝑡𝑡
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
(𝑢𝑢∆𝑡𝑡)2

2
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2

−
(𝑢𝑢∆𝑡𝑡)3

6
𝜕𝜕3𝑐𝑐
𝜕𝜕𝑥𝑥3

+ O(∆𝑡𝑡4)  (2) 

The scheme uses the following approximation to the derivatives: 

(a) a third order upwinded finite difference approximation to the first derivative (O(∆𝑥𝑥3)): 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

≈
𝑐𝑐𝑖𝑖−2,𝑗𝑗 − 6𝑐𝑐𝑖𝑖−1,𝑗𝑗 + 3𝑐𝑐𝑖𝑖,𝑗𝑗 + 2𝑐𝑐𝑖𝑖+1,𝑗𝑗

6∆𝑥𝑥
 (3) 

(b) a second order central difference approximation to the second derivative (O(∆𝑥𝑥2)): 

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2

≈
𝑐𝑐𝑖𝑖−1,𝑗𝑗 − 2𝑐𝑐𝑖𝑖,𝑗𝑗 + 𝑐𝑐𝑖𝑖+1,𝑗𝑗

∆𝑥𝑥2
 (4) 
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(c) a first order upwinded finite difference approximation to the third derivative (O(∆𝑥𝑥)): 

𝜕𝜕3𝑐𝑐
𝜕𝜕𝑥𝑥3

≈
−𝑐𝑐𝑖𝑖−2,𝑗𝑗 + 3𝑐𝑐𝑖𝑖−1,𝑗𝑗 − 3𝑐𝑐𝑖𝑖,𝑗𝑗 + 𝑐𝑐𝑖𝑖+1,𝑗𝑗

∆𝑥𝑥3
 (5) 

When these are substituted into the expansion for 𝑐𝑐𝑖𝑖,𝑗𝑗+1 the local truncation error is of order ∆𝑡𝑡∆𝑥𝑥3 +
∆𝑡𝑡2∆𝑥𝑥2 + ∆𝑡𝑡3∆𝑥𝑥 + ∆𝑡𝑡4. 

Substituting approximations (3), (4) and (5) into Equation (2) yields 

𝑐𝑐𝑖𝑖,𝑗𝑗+1 = 𝑐𝑐𝑖𝑖,𝑗𝑗 −
1
6𝜌𝜌�𝑐𝑐𝑖𝑖−2,𝑗𝑗 − 6𝑐𝑐𝑖𝑖−1,𝑗𝑗 + 3𝑐𝑐𝑖𝑖,𝑗𝑗 + 2𝑐𝑐𝑖𝑖+1,𝑗𝑗� + 1

2𝜌𝜌
2�𝑐𝑐𝑖𝑖−1,𝑗𝑗 − 2𝑐𝑐𝑖𝑖,𝑗𝑗 + 𝑐𝑐𝑖𝑖+1,𝑗𝑗� 

−1
6𝜌𝜌

3�−𝑐𝑐𝑖𝑖−2,𝑗𝑗 + 3𝑐𝑐𝑖𝑖−1,𝑗𝑗 − 3𝑐𝑐𝑖𝑖,𝑗𝑗 + 𝑐𝑐𝑖𝑖+1,𝑗𝑗� 

where 𝜌𝜌 = 𝑢𝑢 ∆𝑡𝑡
∆𝑥𝑥

 is the Courant number 

Rearranging this gives the QUICKEST scheme for the advection equation (Leonard, 1979): 

𝑐𝑐𝑖𝑖,𝑗𝑗+1 = 1
6𝜌𝜌(𝜌𝜌2 − 1)𝑐𝑐𝑖𝑖−2,𝑗𝑗 −

1
2𝜌𝜌(𝜌𝜌2 − 𝜌𝜌 − 2)𝑐𝑐𝑖𝑖−1,𝑗𝑗 + �1 + 1

2𝜌𝜌(𝜌𝜌2 − 2𝜌𝜌 − 1)� 𝑐𝑐𝑖𝑖,𝑗𝑗
− 1

6𝜌𝜌(𝜌𝜌2 − 3𝜌𝜌 + 2)𝑐𝑐𝑖𝑖+1,𝑗𝑗 

 

QUICKEST Scheme for Advection and Diffusion 
The advection-diffusion equation is given by  

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐷𝐷
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2

 

where 𝑐𝑐 =  𝑐𝑐(𝑥𝑥, 𝑡𝑡) is the concentration of a dissolved substance (mg/m3) and 𝑢𝑢 is the flow celerity 
(m/s) (𝑢𝑢 > 0) as before, and 𝐷𝐷 is the diffusion coefficient (m2/s) (𝐷𝐷 >  0). 

In this case we have 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝐷𝐷
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2

 

which yields 

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑡𝑡2

= 𝑢𝑢2
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2

− 2𝑢𝑢𝑢𝑢
𝜕𝜕3𝑐𝑐
𝜕𝜕𝑥𝑥3

+ 𝐷𝐷2 𝜕𝜕
4𝑐𝑐

𝜕𝜕𝑥𝑥4
 and 𝜕𝜕3𝑐𝑐

𝜕𝜕𝑡𝑡3
= −𝑢𝑢3

𝜕𝜕3𝑐𝑐
𝜕𝜕𝑥𝑥3

+ 3𝑢𝑢2𝐷𝐷
𝜕𝜕4𝑐𝑐
𝜕𝜕𝑥𝑥4

− 3𝑢𝑢𝐷𝐷2 𝜕𝜕
5𝑐𝑐

𝜕𝜕𝑥𝑥5
+ 𝐷𝐷3 𝜕𝜕

6𝑐𝑐
𝜕𝜕𝑥𝑥6

 

Substituting approximations (3), (4) and (5) into Equation (2) and ignoring fourth and higher order 
derivatives gives the QUICKEST scheme for transport and diffusion (Leonard, 1979): 

𝑐𝑐𝑖𝑖,𝑗𝑗+1 = 𝜌𝜌 �𝑟𝑟 + 1
6
(𝜌𝜌2 − 1)� 𝑐𝑐𝑖𝑖−2,𝑗𝑗 + �𝑟𝑟(1 − 3𝜌𝜌) − 1

2𝜌𝜌(𝜌𝜌2 − 𝜌𝜌 − 2)� 𝑐𝑐𝑖𝑖−1,𝑗𝑗 

+ �1 − 𝑟𝑟(2 − 3𝜌𝜌) + 1
2𝜌𝜌(𝜌𝜌2 − 2𝜌𝜌 − 1)� 𝑐𝑐𝑖𝑖,𝑗𝑗 + �𝑟𝑟(1 − 𝜌𝜌) − 1

6𝜌𝜌(𝜌𝜌2 − 3𝜌𝜌 + 2)� 𝑐𝑐𝑖𝑖+1,𝑗𝑗 
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